We give conditions under which a ber-preserving quasisymmetric map between open subsets of bered metric spaces is locally biLipschitz. We also show that a quasiconformal map between open subsets of -step Carnot groups with reducible rst layer is locally biLipschitz.
Introduction
In this paper we study the rigidity property of local quasisymmetric maps between open subsets of bered spaces that send bers to bers.
The Euclidean spaces admit a rich class of quasiconformal maps. However, if the quasiconformal maps (or quasisymmetric maps) preserve additional structures, then they are often forced to be biLipschitz. Le Donne-Xie [7] showed that if a quasisymmetric map permutes the bers of bered metric spaces, then it is biLipschitz. The result of Le Donne-Xie is valid only for globally de ned quasisymmetric maps and the proof uses the assumption that the bers are unbounded. It is natural to ask whether ber-preserving quasisymmetric maps between open subsets of bered metric spaces are locally biLipschitz. This note is an attempt in this direction. We provide two results (Theorem 1.1 and Theorem 1.2) that are applicable in di erent situations.
One often has to deal with quasimetrics instead of metrics while studying the ideal boundary of negatively curved spaces. For this reason we state our result on bered spaces for quasimetric spaces. See Section 2 for the de nition of a quasimetric space.
To state our rst result, we use the following notion of bered spaces. We stress that our de nition of " bered space" is di erent from the one in [7] , see the remark after the de nition for more information. For any x ∈ X and all su ciently small r > , there is a ber F such that r C(x) ( 
3) Slow divergence of bers:
If F is a ber of X and x, y ∈ F, then for any ber F :
φ(d(x, y)) · d(y, F ) ≤ d(x, F ) ≤ φ(d(x, y)) · d(y, F ). (1.2)
Remark 1.3. Comparison of our notion of " bered space" with the one in [7] : Both require the bers to be snow-ake equivalent to geodesic spaces. The de nition in [7] requires the bers to be unbounded and also requires every ber to be the limit of parallel bers. We do not have these assumptions. On the other hand, we have the "Slow divergence of bers" condition that is not assumed in [7] . In particular, our Theorem 1.1 applies (while the main result in [7] does not) to the power maps x → |x| s x away from the origin and in nity (the bers in the domain are horizontal lines and the bers in the range are images of horizontal lines under the power map). However, our Theorem 1.1 does not apply to general Carnot groups since generally the "Slow divergence of bers" condition is not satis ed in the Carnot setting.
Let K ≥ and C > . A bijection f :X → X is called a (K, C) quasisimilarity if
for allx ,x ∈X. It is clear that f is a quasisimilarity if and only if f is biLipschitz. The notion of quasisimilarity is sometimes more useful since it involves two constants and often there is control on K but not on C (in such cases one can not get control on the biLipschitz constant). Throughout this paper we shall use the terms "quasisimilarity" and "biLipschitz" interchangeably. We also need the following:
De nition 1.4. Let f : X → Y be a map between quasimetric spaces and x ∈ X a non-isolated point. De ne:
The quantities L f (x) and l f (x) are the upper and lower pointwise Lipschitz constants of f at x, respectively. A point x ∈ X is called a K-quasisimilarity point (for some K ≥ ) with respect to
Quasisimilarity points are related to di erentiability, see Section 3.1. Our rst result is the following: For the proof of Theorem 1.1, we will rst show that f is a local quasisimilarity when restricted to a particular ber. This is achieved by comparing the stretch of f along bers as well as between bers to obtain an upper bound for the upper pointwise Lipschitz constant L f . Then, we shall compare L f across bers, which will allow us to conclude that f is a local quasisimilarity.
Our second result relates to -step Carnot groups. In [7] it is shown that a globally de ned quasiconformal map of a Carnot group with reducible rst layer is biLipschitz. The following result is a version of that result for quasiconformal maps de ned on open subsets of -step Carnot groups. As indicated in Remark 1.3, in general the left cosets of connected subgroups of a Carnot group do not satisfy the "Slow divergence of bers" condition, as the calculation in Section 4.1 shows. So Carnot groups with left cosets of a connected subgroup is not a bered space in the sense of De nition 1.1. As a result, Theorem 1.2 requires a separate argument. The proof of Theorem 1.2 follows the same two basic steps as the proof of Theorem 1.1: rst, we show the restriction to a particular ber is a local quasisimilarity, which we then use to show that f is a local quasisimilarity. The key di erence between the two proofs is the way in which both arguments address the rst step. In particular, in the 2-step Carnot group case, we show that the divergence of left cosets is at worst quadratic and that the worst case is realized (Section 4.1). We then consider left cosets with the worst case divergence. The divergence of the image left cosets is no worse than the divergence of the original left cosets, and this leads to an upper bound on the Lipschitz constant.
The theme of the paper is rigidity of quasiconformal/quasisymmetric maps. A major motivation for the study of rigidity of quasiconformal maps is the rigidity question of quasiisometries between negatively curved spaces: every negatively curved space has an ideal boundary, and the rigidity of quasiisometries between negatively curved spaces corresponds to the rigidity of quasiconformal maps between their ideal boundaries.
The rst main result on the rigidity of quasiconformal maps on Carnot groups is due to Pansu [8] . He showed that every global quasiconformal map of the quarternionic Heisenberg group is a similarity. CapognaCowling [3] proved that -quasiconformal maps on Carnot groups are smooth. Recently Cowling-Ottazzi [4] further showed that -quasiconformal maps on Carnot groups are boundary maps of isometries of the negatively curved homogeneous manifolds associated to the Carnot groups. Other rigidity results include [5] , [9] , [10] . Conjecturally, every global quasiconformal map of a Carnot group G is biLipschitz, provided G is not a Euclidean group or a Heisenberg group. The result in [7] veri es this conjecture for Carnot groups with reducible rst layer.
Related to the current paper, a natural question is whether Theorem 1.2 holds for all Carnot groups with reducible rst layer. There is evidence to suggest that quasiconformal maps on Carnot groups satisfy an even stronger rigidity property (stronger than quasiconformal maps being biLipschitz). For example, there is a description of all global quasiconformal maps on the higher model Filiform groups in [10] . A more ambitious question is to identify all quasiconformal maps (local and global) on all Carnot groups other than Euclidean groups and Heisenberg groups (it is known that quasiconformal maps on Euclidean spaces and Heisenberg groups are very rich [1] , [6] ). This paper is organized as follows. In section 2 we x the notation and terminology. In section 3 we prove Theorem 1.1 and give some applications. The proof of Theorem 1.2 is in section 4.
Notation and terminology
In this section we x the notation and terminology. The reader is referred to Section 2 of [7] for de nitions and theorems not recalled here. 
An example of a quasimetric is a symmetric function d : X × X → [ , ∞) that is biLipschitz equivalent with a metric. Homogeneous distances on Carnot groups are biLipschitz equivalent with Carnot metrics and so are quasimetrics. 
Let G be a -step Carnot group with Lie algebra g = V ⊕ V . We shall identify G with g via the exponential map. Under this identi cation the group law on g is given by:
In addition to the Carnot metric, we can also equip g with a homogeneous distance. Fix any norms on V , V . Then, for X = X + X , with X ∈ V , X ∈ V , we de ne the norm of X to be:
The homogeneous distance d on g is left-invariant and is biLipschitz equivalent with the Carnot-Carathéodory metric.
Fiber-preserving quasisymmetric maps
The goal of this section is to rst prove Theorem 1.1 and then derive some consequences.
. Quasisimilarity points
Here we explain that the assumption in Theorem 1.1 of a dense set of quasisimilarity points is reasonable.
Quasisimilarity points are related to di erentiability. For example, if f : U → V is a map between open subsets of a Carnot group and f is Pansu di erentiable at p ∈ U with the Pansu di erential df (p) a graded isomorphism, then p is a quasisimilarity point with respect to f . By Pansu's di erentiability theorem, if f is a quasiconformal map, then f is Pansu di erentiable a.e. Hence a.e. point is a quasisimilarity point. If f is η-quasisymmetric, then a.e. point is an η( )-quasisimilarity point.
The bad news is that there are biLipschitz maps between metric spaces that are nowhere di erentiable. Here is how to construct one. Equip R with the product metric dα ( < α < ) where the metric on the rst factor is the usual Euclidean metric |·| and the metric on the second factor is |·| α . Let ϕ : R → R be an α Hölder
However, for suitable choices of ϕ (suitable nowhere di erentiable Hölder continuous functions) the map f is nowhere di erentiable. The map f is nowhere di erentiable not only in the classical sense, but also in the Pansu sense. In other words, if δ t : R → R (t > ) is the dilation given by δ t (x, y) = (tx, t α y) and L (a,b) :
The good news is that the above mentioned lack of di erentiability can be corrected sometimes. Take the above example. We may view (R , dα) as a bered space whose bers are horizontal lines. Then the restrictions of f to the bers F are just translations along the real line and so are certainly di erentiable. This implies that every p ∈ F is a quasisimilarity point with respect to f | F . The following lemma says that if f : X → Y is a ber preserving quasisymmetric map between bered spaces and x ∈ X lies on a ber F, then x is a quasisimilarity point with respect to f if and only if x is a quasisimilarity point with respect to f | F . The proof is easy. The point is that oftentimes the restricted quasisymmetric map f | F : F → f (F) is di erentiable a.e. (in some sense) and so a.e. point of F is a quasisimilarity point with respect to f | F , despite the possibility that the map f is nowhere di erentiable. 
Since f is an η-quasisymmetry, we have:
. Hence x is a Kη( ) -quasisimilarity point with respect to f .
. Criterion for a map to be Lipschitz
Here we recall that the existence of an upper bound for the upper pointwise Lipschitz constants implies the map is Lipschitz.
Lemma 3.2. Let X, Y be quasimetric spaces. Suppose there exist constants L ≥ , α ∈ ( , ] and metric spaces
Proof. We rst assume that X is a geodesic metric space and Y is a metric space (corresponding to L = , α = ). Fix ϵ > . Let p, q ∈ X with p ≠ q. Consider the geodesic γ : [ , d(p, q)] → X joining p and q. For any x ∈ im γ, there exists some rx > such that
The collection of open balls {B(x, rx)} x∈im γ forms an open cover of im γ and hence we get a nite subcover {B(x j , rx j )} n j= . We may assume none of the balls is contained in the union of the other balls and that p, x , · · · , xn , q are in linear order on γ.
is a geodesic metric space and (Ỹ , d) is a metric space.
and set
. Proof of Theorem 1.1
In this subsection we prove Theorem 1.1. (2) There is some K ≥ such that for every ber F of X, F ∩ U has a dense set of K-quasisimilarity points (by assumption (2) in Theorem 1.1, the constant for the quasisimilarity points is locally bounded; since the conclusion of Theorem 1.1 is local, we may assume the same constant K works for all x ∈ U). We need to show that f is a local quasisimilarity. To do so, we will rst prove that f is a local quasisimilarity when restricted to a particular ber. This is achieved by comparing the stretch of f along bers as well as between bers to obtain an upper bound for the upper pointwise Lipschitz constant L f , at which point we will be able to apply Lemma 3.2. Then, we shall compare L f across bers, which will allow us to conclude that f is a local quasisimilarity.
The following lemma says that if x ∈ U\F and p ∈ F ∩ U almost realizes the distance from F to x, then f (p) ∈ f (F ∩ U) also almost realizes the distance from f (F ∩ U) to f (x).
Lemma 3.3. Let F be a ber of X and x
Since this is true for anȳ y ∈ f (F ∩ U), the lemma follows.
In the next lemma we use the quasisymmetry condition to compare the stretch of f along the bers and the stretch of f between bers.
Lemma 3.4. Let F and F be two distinct bers of X. Let x, y
. By the quasisymmetry condition we have
On the other hand, by Lemma 3.
Given a ber F of X, the intersection F ∩ U may be disconnected and di erent components of F ∩ U might be mapped into distinct bers of Y. For this reason we shall restrict our attention to balls B ⊂ U that are deep inside U where the behavior of f is better controlled. From now until the end of this subsection, we x p ∈ U. Since the bers are uniformly snow-ake equivalent to geodesic metric spaces (condition (1) of a bered space), for r > su ciently small compared with 
Since B is bounded and f is quasisymmetric, f (B) is also bounded. The fact that φ is continuous implies C , C < ∞. Similarly,Ĉ ,Ĉ < ∞.
Recall that as f is η-quasisymmetric, f − is η -quasisymmetric with η (t) = (η − (t − )) − .
Also recall the notation λB(x, r) = B(x, λr) for any λ > and any ball B(x, r). It follows from the generalized triangle inequality that for any y ∈ B(x, r) we have B(y, r) ⊂ MB(x, r). Set
In the next lemma, we bound the Lipschitz constant of f along a ber. This will be used in Lemma 3.6 to show that f is locally Lipschitz along a ber.
Lemma 3.5. Let F be a ber in X and x
∈ F ∩ λ B be a K-quasisimilarity point. Then L f | F (y) ≤ C · L f (x ) for all y ∈ F ∩ λ B,
where C = η( ) η(C B )C C and C B is de ned in De nition 1.1.
A similar statement holds for f − withλ instead of λ .
Proof. Let y ∈ F ∩ λ B. By condition (2) of a bered space, for z ∈ F su ciently close to y, there exists a ber Fz such that
we have x(z) ∈ B for z su ciently close to y. We may choose z close enough to y so that x(z) satis es
Now by (1.2), we have
and (1.2) applied to f (x ) and f (y) gives
for z su ciently close to y.
Assuming the claim we rst nish the proof. For z su ciently close to y, Fz) by ( . ), ( . )
The following lemma follows easily from Lemma 3.5 and Lemma 3.2. We just need to shrink the ball a little so that the estimate in Lemma 3.5 can be applied
Lemma 3.6. Let F be a ber in X and x ∈ F ∩ λ B be a K-quasisimilarity point. Then f | F∩λ B is L C L f (x )-
Lipschitz, where C is the constant in Lemma 3.5. In the next lemma we show that f is locally biLipschitz along a ber by applying Lemma 3.6 to both f and f − .
Again we need to shrink the ball further. Let
Lemma 3.7. Let F be a ber in X and x ∈ F ∩ λ B be a K-quasisimilarity point. Then f
quasisimilarity point with respect to f − . Lemma 3.6 applied to f
The choice of λ ensures f (λ B) ⊂λ B . Now the lemma follows from Lemma 3.6.
At this point, f is a quasisimilarity along each ber. To show f itself is a quasisimilarity (locally), we need to relate the quasisimilarity constants along di erent bers. This is done again by using the quasisymmetry condition. Set λ = M( M+ ) λ . Recall that X, Y are M-quasimetric spaces.
Lemma 3.8. For i = , , let F i be a ber of X and x
and
The quasisymmetry condition applied to
Using (3.7)-(3.10) we obtain
Finally, the following lemma completes the proof of Theorem 1.1.
Lemma 3.9. Let x ∈ λ B be a K-quasisimilarity point. Then f
On the other hand, Lemmas 3.7 and 3.8 imply that for any ber
It follows from (3.11) and (3.12) that
.
Parallel bers
Here we apply Theorem 1.1 to the case when all the bers are parallel. Let X be a quasimetric space. Two closed sets F , F ⊂ X are parallel if there exists some c > so that Proof. We use the notation in the proof of Theorem 1.1. Let p ∈ U. Since all the bers are parallel, we have C = C =Ĉ =Ĉ = . Condition (3) implies Cx = C for all x ∈ X and so C B = C. Similarly CB = C. Now the corollary follows from Lemma 3.9.
It is clear that condition (3) is satis ed when X is path connected. Condition (3) is also satis ed when the space of bers is "uniformly perfect". For example, if X = F × Z with bers F × {z} (z ∈ Z) and Z is uniformly perfect, then condition (3) holds for X. A particular example is X = R n × C, where C is the Cantor set. Now consider the Heisenberg groups H n = R n × R. The bers are the vertical lines {x} × R (x ∈ R n ). (1) is satis ed. All bers are parallel and so condition (2) is satis ed. It is easy to see that condition (3) holds for C = . Condition (4) holds by assumption. Pansu's di erentiability theorem and Fubini's theorem imply that condition (5) holds for a.e. vertical line. The proof of Theorem 1.1 yields that f is locally biLipschitz when restricted to the union of these vertical lines. Now the conclusion follows from the continuity of f .
Quasiconformal maps on -step Carnot groups
In this section we prove Theorem 1.2. It will be a consequence of the following result: 
. Divergence of left cosets
In this subsection we study how two left cosets of W diverge from each other. This will be used in the next subsection to control the Lipschitz constant. The assumption and notation are as in Theorem 4. 
which yields the right hand inequality. Jensen's inequality implies that the norm of (4.2) is at least − B, where
We must bound B from below. There are two cases.
Sincew − w ∈ W and x ∈ W ⊥ are perpendicular to each other,
This case can be broken into two subcases:
First we note that |w −w + x| ≥ |x| since x ∈ W ⊥ and w −w ∈ W . Furthermore,
There is a dichotomy for the divergence of left cosets (of W) depending on whether W is normal in G. When W is normal in G, all left cosets of W are parallel to each other (see Lemma 4.4) . Otherwise, the left cosets have quadratic divergence (see Lemma 4.6).
Lemma 4.4. Suppose W is normal in G. Then all left cosets of W are parallel to each other.
Proof. Here we will use the multiplicative notation. Assume W is normal in G. Let g W , g W be two left cosets. Let g w ∈ g W be arbitrary. Then
any g ∈ G, we have
To express the divergence of left cosets when W is not normal in G, we de ne a quantity K , which vanishes precisely when W is normal in G (see Lemma 4.5) . De ne
The linearity of the bracket implies |π
Lemma 4.5. K = if and only if W is normal in G.
Proof. Notice that W is normal in G if and only if W is an ideal of g. First assume W is an ideal of g. Then for any
Conversely assume
Since the Carnot metric dc is a true metric (that is, it satis es the triangle inequality) and the homogeneous distance d is biLipschitz equivalent with dc, there is some
Statement (1) below says that the divergence of left cosets is at worst quadratic; statement (2) says that the worst case is achieved for suitably chosen points along the left coset and suitably chosen left cosets converging to the xed left coset.
We shall do so by nding upper bound for the Lipschitz constant. The theorem then follows by considering f − .
Let K be the constant de ned before Lemma 4.5. By Lemma 4.5, K = if and only if W is normal in G. In this case all left cosets of W are parallel and Theorem 4.1 follows from Corollary 3.10 (see the proof of Corollary 3.11 for more details).
From now on we assume K > . Let p ∈ U be xed. Since quasiconformal maps on Carnot groups are locally quasisymmetric, there is some ball B = B(p, r ) ⊂ U such that f | B is η-quasisymmetric for some η. By Pansu's di erentiability theorem and Fubini's theorem, for almost every left coset F of W, f is Pansu di erentiable at a.e. x ∈ F ∩ B. In particular, for such a left coset F, a.e. x ∈ F ∩ B is an η( )-quasisimilarity point.
Recall that there is a constant z) ) for any x, y, z ∈ G. Set λ = M . Now we are ready to bound the Lipschitz constant. 
and C is the constant in Lemma 4.3.
Proof. Let q ∈ F ∩ λB be a point where f is Pansu di erentiable, Then F = q * W. Let q ∈ F be a point of the form q = q * ( M r w +w ) +w withw ∈ W ,w ∈ W , |w | << r , |w | << r , where w is as in Lemma 4.6 (2). The requirements |w | << r , |w | << r and the generalized triangle inequality for d imply q ∈ B. As w varies in a small neighbourhood of in W andw varies in a small neighbourhood of in W , the set of q = q * ( M r w +w ) +w form an open subset of F ∩ B. Since f is Pansu di erentiable at a.e. x ∈ F ∩ B, we can pick such a q so that f is Pansu di erentiable at q . So q is an η( )-quasisimilarity point with respect to f . Denote F t = q * (tx ) * W. Notice d(q, F t ) = t. Since (−q) * q = ( M r w +w ) +w , and |w | << r , |w | << r , it is clear that the assumption in Lemma 4.6 (2) for q is satis ed by (−q) * q . It follows that
Let x t ∈ F t be such that d(q, x t ) = d(q, F t ) = t. Denote s t = d(f (q), f (F t )). Then we have, for t su ciently small,
Let x t ∈ F t be such that d(f (q ), f (x t )) = d(f (q ), f (F t )). For t su ciently small, we have:
In summary,
Now the "worst case" bound of divergence also applies to the bers f (F) and f (F t ), so for su ciently small t we have
Combining inequalities (4.7) and (4.8) yields l f (q ) ≤ C · L f (q), where
Recall that q is an η( )-quasisimilarity point with respect to f . We get L f (q ) ≤ Cη( ) · L f (q).
Since (−q ) * q = (− M r w −w ) −w , the assumption in Lemma 4.6 (2) for q is also satis ed by (−q ) * q. As both q and q are η( )-quasisimilarity points, the above argument can be repeated with the roles of q and q switched. This gives L f (q) ≤ Cη( ) · L f (q ). Combining this with L f (q ) ≤ Cη( ) · L f (q), we get
In the last inequality we used the facts that q, q ∈ B and d(q, q ) ≥ r M .
Lemma 4.7 only provides an upper bound for L f (q) for a.e q ∈ λB. We are not in a position to apply Lemma 3.2 and need a di erent argument to show f is locally Lipschitz. A horizontal line segment is a curve of the form γg(t) = g * (tX), t ∈ I, where ≠ X ∈ V , I is a closed interval and g ∈ g.
Lemma 4.8. f is Lipschitz in a neighbourhood of p.
Proof. Quasiconformal maps on Carnot groups are absolutely continuous along almost all curves (Theorem 1.1 of [2] ). So for a xed ≠ X ∈ V , f is absolutely continuous along a.e. γg. On the other hand, Fubini's theorem and Pansu's di erentiability theorem imply that for a.e. γg, the map f is Pansu di erentiable at almost every point of γg. So for a.e. γg, f is absolutely continuous along γg and f is Pansu di erentiable at almost every point of γg. Lemma 4.7 implies that the length of tangent vectors of the curve f • γg is at most C . The absolute continuity allows us to conclude that f • γg is C -Lipschitz. Since this is true for a.e. γg and f is continuous, we conclude that f is C -Lipschitz when restricted to every horizontal line segment.
For any x, y ∈ G, there is a path γ from x to y consisting of a nite number of horizontal line segments such that the length of γ is at most C · d(x, y), where C is a constant depending only on the Carnot group G. Combing this with the rst paragraph we see that f is C C -Lipschitz in a neighbourhood of p.
Completing the proof of Theorem 4.1. Let p ∈ U. By Lemma 4.8, f is Lipschitz in a neighbourhood of p. The same lemma applied to f − shows that f − is Lipschitz in a neighbourhood of f (p). Hence f is biLipschitz in a neighbourhood of p.
